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ABSTRACT

Linear-phase lowpass filters are often used as a preprocessing step
in signal processing applications to eliminate high frequency com-
ponents of noise that do not overlap with the signal spectrum. Sig-
nals with sharp peaks confound this type of noise reduction be-
cause sharp peaks have a broad spectrum and are significantly at-
tenuated by lowpass filters. This paper describes a simple method
that restores the signal peaks to their full amplitude by adding a
filtered estimate of the peak residuals to the original lowpass fil-
ter output. Examples are given of the nonlinear filter applied to a
Poisson process, an electrocardiogram, and an extracellular micro-
electrode recording of neuron action potentials.

1. INTRODUCTION

Many interesting signals can be modeled as non-overlapping all-
or-none events with additive noise. Examples of biomedical sig-
nals with this property include the QRS complex in electrocardio-
grams (ECG), electroencephalograms (EEG), and action poten-
tials in neuronal recordings. Lowpass filters are often applied in
the early stages of processing these signals to reduce noise. If
the events contain sharp peaks, the user must choose a cutoff fre-
quency that optimizes the tradeoff between elimination of the noise
and attenuation of the sharp peaks. Fig. 1 shows an example of this
problem when a lowpass filter is applied to an electrocardiogram
signal. In this example the filter does a good job at eliminating the
high frequency noise between the two beats, but the filter also sig-
nificantly attenuates the peaks of each beat. This paper describes a
method of restoring these peaks to their full amplitude by adding
a scaled and filtered estimate of the peak residuals.

2. PEAK DISCRIMINATION

The nonlinear filtering algorithm described in this paper requires
a method of detecting the peaks. For many well-studied signals
such as the electrocardiogram, electroencephalogram, and neu-
ronal recordings, a number of peak discriminators have been pro-
posed in the literature [1–6]. In the absence of a signal-specific
peak discriminator, one can use the simple method described in
this section.

Fig. 2 shows a block diagram of our method of peak discrim-
ination. Once the signal is filtered, the residual is found by taking
the difference between the original signal and the filtered signal,
~x(n) � x(n)� y(n). This residual is then filtered with the same
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Fig. 1. Example of peak attenuation caused by linear-phase low-
pass filters in an electrocardiogram signal. The filter zero-phase
delay and a cutoff frequency of 20 Hz. Although much of the
noise between the beats is eliminated by the filter, it also caused
significant attenuation of the peaks of each QRS complex.
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Fig. 2. Block diagram of a simple peak discrimination method.
The thresholds for peaks are chosen from the distribution of peaks
in the filtered residual, e(n). H(z) represents the linear zero-phase
lowpass filter.

lowpass filter to produce the filtered residual e(n). A histogram
and plot of the estimated density is used to help the user choose a
lower and upper threshold for peaks in the filtered residual. This
algorithm was designed to find peaks in the filtered residual e(n)
rather than the filter output y(n) because the filtered residual peaks
distinguish between sharp peaks that are significantly attenuated
and broad peaks that may have minimal attenuation.

Fig. 3 shows an example of the residual, the filtered residual,
and the discriminated peaks. Fig. 4 shows the histogram and esti-
mated density of the peaks from a 20 s electrocardiogram segment.
The density was estimated using a kernel smoother [7]. The thresh-
olds, shown by the dotted vertical lines, were selected manually to
isolate the bump corresponding to peaks in the filtered residual.
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Fig. 3. Example of the residual ~x(n) and the filtered residual e(n)
of the same electrocardiogram segment shown in Fig. 1. The dot-
ted horizontal lines show the user-specified thresholds that demar-
cate the discriminated peaks.
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Fig. 4. Example of the estimated density of peaks in the filtered
residual of a 20 s electrocardiogram signal. The dotted vertical
lines show the user-specified thresholds.

3. ALGORITHM DESCRIPTION

Fig. 5 shows a block diagram of the new nonlinear lowpass fil-
ter algorithm. The cutoff frequency of this filter is defined as the
cutoff frequency of the linear lowpass filter used in this algorithm.

This algorithm requires that the low-frequency drift in the sig-
nal x(n) be removed and that the peaks of interest have a similar
morphology. The algorithm described in this section requires a
noncausal, lowpass filter with zero phase shift. The generaliza-
tion to causal, linear-phase filters is straightforward and can be
achieved by adding appropriate delays in the feed-forward paths
of Fig. 5. The algorithm has been designed so that it could be
implemented in an online system.

1. Peak Range Detection. As the peak discriminator locates
the maximum of each peak, this stage finds the beginning
and ending of each peak. The range of points that com-
pose each peak is defined as the smallest consecutive group
of non-negative points in the filtered residual e(n) that en-
compass the peak. Fig. 6 illustrates the range of two peaks
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Fig. 5. Block diagram of the nonlinear lowpass filter algorithm
designed to restore peaks. H(z) represents the linear zero-phase
lowpass filter. The masking and gain stages require a peak dis-
criminator (not shown).
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Fig. 6. Example of how the range of each peak is found from the
filtered residual e(n) for an electrocardiogram signal.

in an electrocardiogram residual signal.

2. Residual Masking. Next, the residual ~x is masked and all
of the points in the residual outside the range of each peak
are set equal to zero. Fig. 7 shows an example of this mask-
ing stage.

3. Gain Estimation. Filtering the masked residual in the last
stage of this algorithm attenuates the residual peaks. Thus,
adding these filtered peaks would not fully restore the peaks
in the signal. This stage recursively estimates the gain nec-
essary to compensate for the attenuation caused by the resid-
ual filter in Stage 5 of this algorithm. For each peak de-
tected, the compensating gain is approximately equal to the
ratio of the peak in the residual to the peak in filtered resid-
ual, ~x(n)=e(n). To reduce the variability of this estimate,
a first-order recursive lowpass filter is used to calculate the
compensating gain a,

a( 
a+ (1� 
)
~x(n)

e(n)
; (1)

where( is the assignment operator, and 
 is a user-specified
parameter that controls the cutoff frequency of the gain fil-
ter. For all of the results reported in this paper 
 = 0:9 and
the gain filter is initialized with a value of one.

4. Amplification. Each masked residual is then amplified by
the current gain estimate, a.

5. Residual Filtering. The masked and amplified residual is
then filtered with the linear lowpass filter H(z). An exam-
ple of this restored residual is shown in Fig. 7.
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Fig. 7. Example of the masked residual and the restored residual
for an electrocardiogram signal. Note that the restored residual
has a peak amplitude that is similar to the masked residual, but the
peak is broader and smoother due to the lowpass filtering of the
residual.

6. Residual Addition. Finally, the filtered residual is added to
the output of the linear lowpass filter, y(n) to produce the
final output, g(n).

4. PERFORMANCE

To assess the performance of the new algorithm, synthetic signals
with 100,000 points were created from a Poisson process with an
average inter-arrival time of 250 samples. The peaks were Gaus-
sian with a standard deviation of 3.9 samples. This signal was
scaled to have zero mean and unit variance. White Gaussian noise
was added with various amplitudes to create a series of signals with
a range of signal-to-noise ratios (SNR). Both filters were applied
to each noisy signal and compared to the original signal without
noise. Both filters had a fixed cutoff frequency of 0.05 cycles per
sample (0.31 radians/sample).

Two measures of accuracy were used to compare the linear
and nonlinear filters to the signal without noise. First, the mean
squared error (MSE) across the entire signal was calculated for
each SNR. Since the signal had zero mean and unit variance, a
MSE of one implies the estimate is no better than an estimate of
zero for the entire signal. The second error measure was the MSE
at the peak times.

Fig. 8 shows an example of the linear and nonlinear lowpass
filters applied to this synthetic signal with an SNR of 0.75. Fig. 9
shows the two measures of error versus the SNR. This figure in-
dicates that the nonlinear filter performs significantly worse when
the noise power is greater than the signal power (SNR < 0:75).
This is largely due to the inability to accurately discriminate peaks.
The nonlinear filter performs modestly better than the linear filter
when the SNR > 1. The nonlinear filter was substantially better
than the lowpass filter at estimating the peak amplitudes as long as
the SNR was large enough (SNR > 0:75) to accurately discrimi-
nate the peaks.
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Fig. 8. Example of the linear and nonlinear lowpass filters applied
to a Poisson process with sharp Gaussian peaks and white Gaus-
sian noise. The signal-to-noise ratio (SNR) for this example was
0.75 and the cutoff frequency of both filters was 0.05 cycles per
sample.
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Fig. 9. Mean squared error versus signal-to-noise ratio (SNR) for
the synthetic signal created from a Poisson process with Gaussian
peaks and white Gaussian noise.

5. DISCUSSION

Figs. 10 and 11 show examples of linear and nonlinear lowpass
filters applied to an electrocardiogram signal and an extracellular
neuronal signal, respectively. The electrocardiogram signal was
recorded from a pediatric patient in the Pediatric Intensive Care
Unit at Doernbecher Children’s Hospital, OHSU.

The neuronal signal is a microelectrode recording acquired
during neurosurgery from the globus pallidus of a patient with
Parkinson’s disease [8]. This example demonstrates a generaliza-
tion of the algorithm to restore both positive and negative peaks.
This is achieved by repeating the first four stages of the algorithm
for each negative peak detected. Since the negative peaks may
have a different shape and attenuation caused by the filter, they
must have a separate peak discriminator and gain coefficient. The
masked and amplified residuals from positive and negative peaks
are summed prior to the residual filtering in the fifth stage of the
algorithm.
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Fig. 10. Example of peak attenuation caused by a linear lowpass
filter and the restored peaks of the nonlinear lowpass filter. This
electrocardiogram signal was filtered with a zero-phase FIR filter.
The sample rate was 500 Hz and the cutoff frequency of both fil-
ters was 20 Hz. Note that both filters attenuate much of the noise
between the two beats, but the QRS complex is significantly atten-
uated by the linear filter.

The nonlinear lowpass filtering algorithm described in this pa-
per was designed to perform the same as a lowpass filter in regions
without peaks and to compensate for the attenuation of peaks while
still reducing high-frequency noise. Like linear lowpass filters, this
can distort and broaden the morphology of the peak. The degree
and significance of this distortion depends on the filter cutoff fre-
quency, the linear filter design, and the application.

The requirement of a peak discriminator limits the applicabil-
ity of this technique as a preprocessor. This is not a severe limita-
tion because there is usually little harm in restoring false peaks as
well as the peaks of interest. Thus the algorithm could be used as
one stage in an iterative peak discrimination algorithm.

For all of the examples used in this paper, symmetric non-
causal finite impulse response (FIR) filters were used with positive
coefficients. These filters are equivalent to weighted moving aver-
age filters. Although these filters are poor approximations of ideal
lowpass filters, they are well suited to signals with sharp peaks
because they do not produce ringing. Filters that have a sharper
rolloff in the frequency domain can produce significant ringing and
the gain estimate calculated in the third stage of the algorithm may
be inaccurate as a result.

6. SUMMARY

This paper introduced a simple nonlinear extension of linear-phase
lowpass filters to restore attenuated signal peaks. The filter may
be used to restore positive peaks, negative peaks, or both. Exam-
ples of the filter applied to an electrocardiogram and a microelec-
trode recording of extracellular neuronal activity were given. A
MATLAB implementation of this filter is available on the web at
http://bsp.pdx.edu.
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